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Equations of Motion 
𝑎 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

𝑣 = 𝑢 + 𝑎𝑡 

𝑠 = 𝑢𝑡 +
1

2
𝑎𝑡2 

𝑣2 = 𝑢2 + 2𝑎𝑠 

𝑠 =
1

2
(𝑢 + 𝑣)𝑡 ⇒ 𝑣̅ =

𝑢 + 𝑣

2
 

 

𝑥(𝑡) = 𝑥0 + 𝑣0𝑡 +
1

2
𝑎𝑡2 

𝑣(𝑡) = 𝑣0 + 𝑎𝑡 

𝑣2(𝑥) = 𝑣0 + 2𝑎Δ𝑥 

Tsiolkovsky Rocket Equation 

𝑣(𝑡) = 𝑣𝑒 ln (
𝑚0

𝑚(𝑡)
) − 𝑔𝑡 

𝑣𝑒 is the exhaust speed 

𝑚0 is the initial mass 

𝑚(𝑡) is the function of mass over time 

𝑔 is gravitational acceleration, if present 

Newton’s Laws of Motion 

First Law (Law of Inertia) 

Every object continues in its state of rest, or of uniform velocity, if no net force acts on it. 

Second Law (𝑭⃗⃗ = 𝒎𝒂⃗⃗ ) 

The acceleration of an object is directly proportional to the net force acting on it, and inversely proportional 

to the object’s mass. The direction of acceleration is in the direction of the net force acting on the body. 

Third Law (Principle of Action and Reaction) 

Whenever an object exerts a force on a second object, the second object exerts on the first object an equal 

force in the opposite direction to the first. 

Friction 
𝐹𝑘𝑓 = 𝜇𝑘𝐹𝑁 
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𝐹𝑠𝑓 ≤ 𝜇𝑠𝐹𝑁 

Gravity 

𝐹 = 𝐺
𝑚1𝑚2

𝑟2
⇒ 𝑔 = 𝐺

𝑚

𝑟2
 

𝑈(∞) = 0 

𝑈(𝑟) = −
𝐺𝑀𝑚

𝑟
 

𝐸 =
1

2
𝑚𝑣2 −

𝐺𝑀𝑚

𝑟
 

When close to the surface of the planet: 

𝐸 = 𝐾 + 𝑈 =
1

2
𝑚𝑣2 −

1

2
𝑚𝑣𝑒𝑠𝑐

2  

Lagrange Point 

A point in the vicinity of the Earth orbits the Sun where a small satellite can orbit the Sun with the same 

period T as Earth’s. This is possible because the Earth’s gravitational pull allows for a slower orbit time to 

counteract the gravity from the Sun. 

𝑣𝑒𝑠𝑐 = √
2𝐺𝑀

𝑟
 

Above, 𝑀 is the mass of the planet, 𝑟 is the initial distance from the center of the planet. For Earth, 

𝑣𝐸𝑒𝑠𝑐 = √
2𝐺𝑀𝐸

𝑟𝐸
≈ 1.12 × 104 

Kepler’s Laws 

First Law 

The path of each planet around the Sun is an ellipse with the Sun at one focus. 

Second Law 

Each planet moves so that an imaginary line drawn from the Sun to the planet sweeps out equal areas in 

equal periods of time. 
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Third Law 

The ratio of the squares of the periods of any two planets revolving around the sun is equal to the ratios of 

the cubes of their semi-major axes. (Semi major axis is the greatest distance from the center of the ellipse) 

𝑠1
3

𝑇1
2 =

𝑠2
3

𝑇2
2 

Work & Energy 

𝑊 = Δ𝐸 = 𝐹𝑑 cos 𝜃 = 𝐹 ∙ 𝑑  

𝑊 = ∫𝐹 ∙ 𝑑𝑙⃗⃗  ⃗

𝑏

𝑎

= ∫𝐹 cos 𝜃  𝑑𝑙

𝑏

𝑎

 

Conservative forces are reversible, non-recoverable forces are not. Potential energy (𝑈) is conservative. 

𝑈𝑔 = 𝑚𝑔ℎ 

𝑈𝑒𝑙 =
1

2
𝑘𝑥2 

𝐹 = −
𝑑𝑈

𝑑𝑥
 

𝐸 = 𝐾 + 𝑈 ⇒ Mechanical Energy = Kinetic E. + Potential E. 

𝑃 =
𝑑𝑊

𝑑𝑡
=

𝑑𝐸

𝑑𝑡
= 𝐹 ∙ 𝑣  

 

Hooke’s Law 

𝐹𝑠 = −𝑘𝑥 

𝑊 =
1

2
𝑘𝑥2 
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Kinetic Energy 

𝐸𝑘 =
1

2
𝑚𝑣2 

Work-Energy Principle: the net work done on an object by the net resultant force is equal to the change in 

kinetic energy of the object: 

𝑊 = ΔEk =
1

2
𝑚𝑣2

2 −
1

2
𝑚𝑣1

2 =
1

2
𝑚(𝑣2

2 − 𝑣1
2) 

Circular Motion 

Centripetal Acceleration 

𝑎𝑅 =
𝑣2

𝑟
= 𝜔2𝑟 

𝜔 = 2𝜋𝑓 =
𝑑θ

dt
=

𝑣

𝑟
, 𝑓 =

1

𝑇
 

𝛼 =
𝑑𝜔

𝑑𝑡
 

1𝑟𝑎𝑑 ≈ 57.3° 

𝑣 = 𝑅𝜔, atan = 𝑅𝛼, 𝑎𝑅 = 𝑅𝜔2 

Where 𝑎𝑡𝑎𝑛 , 𝑎𝑅 are tangential and radial components of linear acceleration. 

 

Torque: 

𝜏 = 𝑅⃗ × 𝐹  

𝐿⃗ = 𝑟 × 𝑝  

Σ𝜏 = 𝐼𝛼, 𝐼 = Σ𝑚𝑖𝑅𝑖
2 

𝐼 is the moment of inertia, kinda like rotational mass. 
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𝐼 = 𝐼𝐶𝑀 + 𝑀ℎ2 

Where 𝐼𝐶𝑀 is the moment of inertia with rotation axis on the center of mass, and ℎ is the distance from the 

CM to the actual axis. 

𝐼𝑧 = 𝐼𝑥 + 𝐼𝑦 

𝐸𝑘𝑟𝑜𝑡 =
1

2
𝐼𝜔2 

For shit like wheels (moving linearly and radially): 

𝐸𝑘𝑡𝑜𝑡 =
1

2
𝑀𝑣𝐶𝑀

2 +
1

2
𝐼𝐶𝑀𝜔2 

 

Pendulum 

𝜏 = −𝑚𝑔ℎ sin 𝜃 

∴ 𝐼
𝑑2𝜃

𝑑𝑡2
= −𝑚𝑔ℎ sin𝜃 
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𝐼
𝑑2𝜃

𝑑𝑡2
≈ −𝑚𝑔ℎ𝜃 

𝐼
𝑑2𝜃

𝑑𝑡2
+ 𝑚𝑔ℎ𝜃 = 0 

𝜃 ≈ 𝜃𝑚𝑎𝑥 cos(𝜔𝑡 + 𝜙) , 𝑇 = 2𝜋√
𝐼

𝑚𝑔ℎ
 

Angular Momentum 

𝐿 = 𝐼𝜔 

Vector relation 𝐿⃗ = 𝐼𝜔⃗⃗  only holds around an axis of symmetry. 

𝐿⃗ = 𝑟 × 𝑝  

Σ𝜏 =
𝑑𝐿⃗ 

𝑑𝑡
 

Drag Force 
𝐹𝐷 = −𝑏𝑣, 𝐹𝐷 ∝ 𝑣2 

(Depending on magnitude of 𝑣) 

Linear Momentum 
𝑝 = 𝑚𝑣  

Σ𝐹 =
𝑑𝑝 

𝑑𝑡
 

𝐽 = ∫ 𝐹 𝑑𝑡 = Δ𝑝  

Equilibrium 
For equilibrium: 

Σ𝐹 = Σ𝜏 = 0 

• An object in static equilibrium is said to be in (a) stable, (b) unstable, or (c) neutral equilibrium, 

depending on whether a slight displacement leads to (a) a return to the original position, (b) further 

movement away from the original position, or (c) rest in a new position. 

• Stress (tension, compression or shear) is the force per unit area acting on an object. 

• Strain is the resulting fractional change in length. 

• Elastic modulus is the ratio of stress to strain. 

o Young’s modulus applies for compression and tension 
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o Shear modulus applies for shear 

o Bulk modulus applies to an object whose volume changes because of pressure on all sides 

o All measured in 𝑁𝑚−2 

• Fracture is when stress breaks a material. Can be measured with: 

o Tensile strength 

o Compressive  

o Shear Strength 

o All measured in 𝑁𝑚−2 

Fluids 

𝜌 =
𝑚

𝑉
 

Specific gravity is the ratio of the density of the material to the density of water (at 4°C). 

𝑃 =
𝐹

𝐴
 

Stevin’s Law: 

𝑃 = 𝜌𝑔ℎ 

𝑑𝑃

𝑑𝑦
= −𝜌(𝑦)𝑔 

∴ 𝑃(𝑦) = 𝑃0𝑒
−
𝑦
𝐿 , 𝐿 =

𝑅𝑇

𝑀𝑔
≈ 8000𝑚 

If 𝜌 ∝ 𝑃, 

𝜌(𝑦) = 𝜌0𝑒
−
𝑦
𝐿  

If density of the fluid 𝜌 depends on 𝑦. 

1𝑎𝑡𝑚 = 1.013 × 105𝑁𝑚−2 

1𝑏𝑎𝑟 = 1 × 105𝑁𝑚−2 

Pascal’s principle states that if an external pressure is applied to a confined fluid, the pressure at any point 

within the fluid increases by that amount. 

𝐹𝑜𝑢𝑡

𝐹𝑖𝑛
=

𝐴𝑜𝑢𝑡

𝐴𝑖𝑛
, 𝑃𝑜𝑢𝑡 = 𝑃𝑖𝑛 

Archimedes’ principle states that an object submerged wholly or partially in a fluid is buoyed up by a force 

equal to the weight of the fluid it displaces. 

Fluid in motion can be streamline (laminar flow) or turbulent. 
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The equation of continuity states that for an incompressible fluid flowing in an enclosed tube, the product 

of the velocity of flow and the cross-sectional area of the tube remain constant: 

𝐴𝑣 = const 

Bernoulli’s principle states that where the velocity of the fluid is high, the pressure in it is low, and vice 

versa. For steady laminar flow of an incompressible and non-viscous fluid, Bernoulli’s equation, which is 

based on the law of conservation of energy, is: 

𝑃1 +
1

2
𝜌𝑣1

2 + 𝜌𝑔𝑦1 = 𝑃2 +
1

2
𝜌𝑣2

2 + 𝜌𝑔𝑦2 

For pressure difference on wings during laminar flow: 

Δ𝑝 =
1

2
𝜌(vtop

2 − 𝑣𝑏𝑜𝑡
2 ) 

𝐹 = Δ𝑃𝐴 

 

𝐴𝑐

𝑑ℎ

𝑑𝑡
= 𝐴ℎ𝑣 

Viscosity (𝜂) is measured in 𝑃𝑎𝑠 

Oscillations 

SHM 

𝑥(𝑡) = 𝐴𝑐𝑜𝑠(𝜔𝑡 + ϕ) 

𝜔 = 2𝜋𝑓 = √
𝑘

𝑚
 

𝑇 = 2𝜋√
𝑚

𝑘
 

𝐸 =
1

2
𝑚𝑣2 +

1

2
𝑘𝑥2 

For circular motion seen by profile: 
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𝑣 = 𝑣𝑚𝑎𝑥√1 − (
𝑥

𝑥𝑚𝑎𝑥
)
2

 

Simple Pendulum 

𝜔 = √
𝑔

𝑙
 

𝜃(𝑡) = 𝜃𝑚 cos(𝜔𝑡 + 𝜙) 

Damped Harmonic Motion 

Underdamped: 

𝑥(𝑡) = 𝐴𝑒𝛾𝑡 cos(𝜔′𝑡 + 𝜙) 

𝑥 = 𝑒−
𝑐𝑡
2𝑚 (𝑥0𝑐𝑜𝑠𝜔𝑡 + (

𝑐𝑥0 + 2𝑚𝑣0

2𝜔𝑚
)𝑠𝑖𝑛𝜔𝑡) 

𝜔 =
√4𝑚𝑘 − 𝑐2

2𝑚
 

Overdamped: 

𝑥 = (𝑥0 −
𝑣0 − 𝑥0𝑟1
𝑟2 − 𝑟1

)𝑒𝑟1𝑡 + (
𝑣0 − 𝑥0𝑟1
𝑟2 − 𝑟1

)𝑒𝑟2𝑡 

𝑟1 =
−𝑐 + √𝑐2 − 4𝑚𝑘

2𝑚
 

𝑟2 =
−𝑐 − √𝑐2 − 4𝑚𝑘

2𝑚
 

Critically damped: 

𝑥 = 𝑥0 + (𝑣0 +
𝑐𝑥0

2𝑚
) 𝑡𝑒−

𝑐
2𝑚

𝑡 

Forced Oscillations 

If an oscillating force is applied to a system capable of vibrating, the amplitude of the vibration can be very 

large if the frequency of the applied force is near the natural (or resonant) frequency of the oscillator; this is 

called resonance. 

Thermodynamics 

The Zeroth Law of Thermodynamics 

Two objects are said to be in thermal equilibrium if, when placed in thermal contact, no net energy flows 

from one to the other, and their temperatures do not change.  
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If two systems are in thermal equilibrium with a third system, then they are in thermal equilibrium with 

each other. 

The First Law of Thermodynamics 

The first law of thermodynamics states that the change in internal energy of a closed system is equal to the 

heat added to the system, Q, minus the work, W, done by the system: 

Δ𝐸𝑖𝑛𝑡 = 𝑄 − 𝑊 

The Second Law of Thermodynamics 

The second law of thermodynamics concerns irreversibility. It can be stated in a variety of equivalent ways. 

The Clausius version of the second law is:  

Heat can flow spontaneously from a hot object to a cold object; heat will not flow spontaneously from a 

cold object to a hot object. 

The Kelvi-Plank statement: 

No device is possible whose sole effect is to transform a given amount of heat completely into work. 

Natural processes tend to move towards a state of greater disorder or greater entropy. 

The Third Law of Thermodynamics 

As temperature approaches absolute zero, the entropy of a perfect crystal approaches zero. 

The entropy change associated with any condensed system undergoing a reversible isothermal process 

approaches zero as the temperature at which it is performed approaches 0 K. 

It is impossible for any process, no matter how idealized, to reduce the entropy of a system to its absolute-

zero value in a finite number of operations. 

Thermal Expansion 

 

 

The change in length Δ𝑙 of a solid when temperature changes by Δ𝑇 is directly proportional to Δ𝑇 and to its 

original length. 

Δ𝑙 = 𝛼𝑙0Δ𝑇 

Where 𝛼 is the coefficient of linear expansion. 

Δ𝑉 = βV0Δ𝑇 

Where 𝛽 ≈ 3𝑎 is the coefficient of the volume expansion. 
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𝑃𝑉 = 𝑛𝑅𝑇 

Kinetic Theory of Gases 

𝐸𝐾 =
1

2
𝑚𝑣2̅̅ ̅ =

3

2
𝑘𝐵𝑇 

Maxwellian distribution of velocity in a gas of temperature 𝑇: 

𝑓𝑀(𝑣) =
𝑁

(
2𝜋𝑘𝐵𝑇

𝑚
)

3
2

𝑒
−

𝑚𝑣2

2𝑘𝐵𝑇 

𝑓(𝑣) = 4𝜋𝑣2𝑓𝑀(𝑣) 

Van der Waals equation of state: 

(𝑃 +
𝑎

(
𝑉
𝑛)

2)(
𝑉

𝑛
− 𝑏) = 𝑅𝑇 

Below the critical temperature, a gas can change to a liquid if sufficient pressure is applied; but if the 

temperature is higher than the critical temperature, no amount of pressure will cause a liquid to form.  

The triple point of a substance is the unique temperature and pressure at which all three phases - solid, 

liquid and gas - can coexist in equilibrium. Because of its precise reproducibility, the triple point of water is 

often taken as a standard reference point. 

 

In physics a vapor (American English spelling) or vapour (British) is a substance in the gas phase at a 

temperature lower than its critical point, which means that the vapor can be condensed to a liquid by 

increasing the pressure on it without reducing the temperature. A vapor is different than an aerosol. An 

aerosol is a suspension of tiny particles of liquid, solid, or both within a gas.  

For example, water has a critical temperature of 374 °C (647 K), which is the highest temperature at which 

liquid water can exist. In the atmosphere at ordinary temperatures, therefore, gaseous water (known as 

water vapor) will condense into a liquid if its partial pressure is increased sufficiently.  

A vapor may co-exist with a liquid (or a solid). When this is true, the two phases will be in equilibrium, and 

the gas-partial pressure will be equal to the equilibrium vapor pressure of the liquid (or solid).  

Vapor is responsible for the familiar processes of cloud formation and condensation.  

Vapor Pressure  
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The vapor pressure is the equilibrium pressure from a liquid or a solid at a specific temperature. The 

equilibrium vapor pressure of a liquid or solid is not affected by the amount of contact with the liquid or 

solid interface.  

The normal boiling point of a liquid is the temperature at which the vapor pressure is equal to normal 

atmospheric pressure. 

Saturated vapor pressure refers to the pressure of the vapor above the liquid when the phases are in 

equilibrium. The vapor pressure of a substance (such as water) depends strongly on temperature and is 

equal to atmospheric pressure at boiling point. 

Relative humidity of air at a given place is the ratio of the partial pressure of water vapor in the air to the 

saturated vapor pressure at that temperature; it is usually expressed as a percentage. 

The mean free path is the average distance a molecule moves between collisions with other molecules. It is 

inversely proportional to the collisional cross section and to the gas number density: 

𝜆𝑚𝑓𝑝 =
1

𝜎𝜌𝑁
 

𝜎: Collision cross section (how “big” a target the particles present to each other) 

𝜌𝑁: Number density (number of particles per unit volume) 

Diffusion is the process whereby molecules of a substance move (on average) from one area to another 

because of a difference in concentration. The rate of diffusion, J, is directly proportional to the 

concentration gradient (Fick’s law): 

𝐽 = 𝐷𝐴
𝑑𝑐

𝑑𝑥
 

𝐽: Diffusion flux – how much stuff flows per unit time (e.g., moles/sec) 

𝐷: Diffusion coefficient – how fast stuff spreads (depends on the medium and particle) 

𝐷: Area through which diffusion happens 
𝑑𝐶

𝑑𝑥
: Concentration gradient – how quickly concentration changes with position 

𝐸𝑖𝑛𝑡 =
3

2
𝑁𝑘𝐵𝑇 =

3

2
𝑛𝑅𝑇 

If the gas is not monoatomic, then rotational and vibrational energies must also be considered. 

𝑄 = 𝑚𝑐Δ𝑇 

• A system is any object or set of objects we wish to consider; everything outside the system is the 

environment or surroundings.  

o Closed system: no mass enters or leaves, but energy may be exchanged with the 

environment.  
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o Open system: mass as well as energy may be exchanged with the environment.  

o Isolated system: no mass or energy may be exchanged with the environment. 

The work done by (or on) a gas to change its volume by 𝑑𝑉 is: 

𝑑𝑊 = 𝑃𝑑𝑉 

 

Work and heat are not function of the state of a system (as are P, V, T, n and 𝐸𝑖𝑛𝑡), but depend on the type 

of process that takes the system from one state to another. 

The molar specific heat of an ideal gas at constant volume, 𝐶𝑉, and at constant pressure, 𝐶𝑃, are defined by 

𝑄𝑉 = 𝑛𝐶𝑉Δ𝑇 

𝑄𝑃 = 𝑛𝐶𝑃Δ𝑇 

𝐶𝑃 − 𝐶𝑉 = 𝑅 

For monoatomic ideal gas: 

𝐶𝑉 =
3

2
𝑅 

For ideal gases made up of diatomic or more complex molecules, 𝐶𝑉 is equal to 
𝑅

2
 times the number of 

degrees of freedom of the molecule. Unless the temperature is very high, some of the degrees of freedom 

are not active and so do not contribute.  

According to the principle of equipartition of energy, energy is shared equally among the active degrees of 

freedom in an amount 
1

2
𝑘𝐵𝑇 per molecule on average. 

If 𝑄 = 0 (adiabatic expansion): 

𝑃𝑉𝛾 = 𝑃𝑉
𝐶𝑃
𝐶𝑉 = const 

Conduction: 
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Δ𝑄

Δ𝑇
= 𝑘𝐴

(𝑇1 − 𝑇2)

𝑙
 

Radiation (Stefan-Boltzmann Law): 

Δ𝑄

Δ𝑇
= 𝜖𝜎𝐴𝑇4 

Solar constant: 

𝑆𝐶 = 1350𝑊𝑚−2 

Δ𝑄

Δ𝑡
= 𝑆𝑐𝜖𝐴 cos𝜃 

Second Law of Thermodynamics 
A heat engine is a device for changing thermal energy, by means of heat flow, into useful work. 

𝑄𝐻 = 𝑊 + 𝑄𝐿 

𝑒 =
𝑊

𝑄𝐻
= 1 −

𝑄𝐿

𝑄𝐻
 

A reversible process is one that is carried out infinitely slowly, so that the process can be considered as a 

sequence of equilibrium states, and friction is not involved, so that the whole process could be done in 

reverse with no change in magnitude of the work and/or heat exchanged.  

All real processes are irreversible: they are not done infinitely slowly, so that turbulence is involved, and 

friction is always present. Nevertheless, a real process may approximate a reversible process and therefore 

reversible process are conceptually important as representing the theoretically maximum performance of 

an engine. 

Carnot Engine 

Carnot’s (idealized) engine consists of two isothermal and two adiabatic processes 

in a reversible cycle. The efficiency of the Carnot cycle is: 

𝑒𝑖𝑑𝑒𝑎𝑙 =
𝑊

𝑄𝐻
= 1 −

𝑇𝐿

𝑇𝐻
 

Actual engines always have lower efficiencies than this. 

Carnot’s Theorem: 

All reversible engines operating between the same two constant temperatures 

have the same efficiency. Any irreversible engine operating between the same two 

fixed temperatures will have an efficiency less than this. 
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𝐶𝑂𝑃𝑖𝑑𝑒𝑎𝑙 =
𝑄𝐿

𝑄𝐻 − 𝑄𝐿
=

𝑇𝐿

𝑇𝐻 − 𝑇𝐿
 

Entropy 

Δ𝑆 =
𝑄

𝑇
 

𝑑𝑆 =
𝑑𝑄

𝑇
 

For cooling: 

Δ𝑆 = 𝑚𝑐 ln
𝑇𝑓

𝑇𝑖
 

For any reversible cycle:  

Δ𝑆 = 0 

Otherwise, overall 

Δ𝑆 > 0 

Statistical definition of entropy: 

𝑆 = 𝑘𝐵 ln𝑊 
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Where 𝑊 is the thermodynamic probability or disorder parameter. 

The third law of thermodynamics is sometimes stated as follows, regarding the properties of systems in 

equilibrium at absolute zero temperature:  

The entropy of a perfect crystal at absolute zero is exactly equal to zero.  

Entropy is related to the number of accessible microstates, and for a system consisting of many particles, 

quantum mechanics indicates that there is only one unique microstate (called the ground state) with 

minimum energy. Then,  

𝑊 = 1 ⇒ ln𝑊 = 0 ⇒ 𝑆 = 0 

The Nernst–Simon statement of the third law of thermodynamics concerns thermodynamic processes at a 

fixed, low temperature: The entropy change associated with any condensed system undergoing a reversible 

isothermal process approaches zero as the temperature at which it is performed approaches 0 K. A classical 

formulation by Nernst (a consequence of the Third Law) is: It is impossible for any process, no matter how 

idealized, to reduce the entropy of a system to its absolute-zero value in a finite number of operations. 

Physically, the Nernst–Simon statement implies that it is impossible for any procedure to bring a system to 

the absolute zero of temperature in a finite number of steps. 
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Constants (A-Z) 
1𝑐𝑎𝑙 = 4.186𝐽 

𝐺 = 6.67 × 10−11𝑁𝑚2𝐾𝑔−1 

𝑘𝐵 =
𝑅

𝑁𝐴
= 1.38 × 10−23𝐽𝐾−1 

𝑀𝐸 = 5.98 × 1024𝐾𝑔 

𝑁𝐴 = 6.02 × 1023 

𝑅 = 8.314𝐽𝑚𝑜𝑙−1𝐾−1 

𝑟𝐸 = 6380𝑘𝑚 

𝜎 = 5.67 × 10−8𝑊𝑚−2𝐾−4 

𝑆𝐶 = 1350𝑊𝑚−2 

1𝑢 = 1.6605 × 10−27𝑘𝑔 

0°𝐶 = 273.15𝐾 
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Analysis Notes 

Integration By Parts 

∫𝑓(𝑥)𝑔′(𝑥)𝑑𝑥 = 𝑓(𝑥)𝑔(𝑥) − ∫𝑓′(𝑥)𝑔(𝑥)𝑑𝑥 

Solving Separable Variable Differential Equations 

𝑦′ = ℎ(𝑥)𝑔(𝑦) 

𝑦′

𝑔(𝑦)
= ℎ(𝑥) 

Integrate both sides with respect to x. 

 

Solving Homogeneous (in 𝒙, 𝒚) Differential Equations 

𝑦′ = 𝑓 (
𝑦

𝑥
) 

𝑦′ = 𝑓(𝑧), 𝑧 =
𝑦

𝑥
 

∴ 𝑦 = 𝑧𝑥 

𝑦′ = 𝑧′𝑥 + 𝑧 

𝑓(𝑧) = 𝑧′𝑥 + 𝑧 

𝑧′ =
𝑓(𝑧) − 𝑧

𝑥
 

Separable variable equation 

Solving 1st Order Homogeneous ODEs 

𝑦′ + 𝑎(𝑥)𝑦 = 0 

𝑦′ = 𝑦𝑎(𝑥) 

Separable 

Solving 1st Order Non-Homogeneous/Complete ODEs 

𝑦′ + 𝑎(𝑥)𝑦 = 𝑏(𝑥) 

𝑦 = 𝑓(𝑥) + 𝑔(𝑥): 𝑓′(𝑥) + 𝑎(𝑥)𝑓(𝑥) = 0 

Lagrange’s Variation of Parameters 

𝑔(𝑥) = 𝑘(𝑥)𝑒−𝐴(𝑥): 𝐴′(𝑥) = 𝑎(𝑥) 
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𝑔′(𝑥) + 𝑎(𝑥)𝑔(𝑥) = 𝑏(𝑥) 

(𝑘(𝑥)𝑒−𝐴(𝑥))
′
+ 𝑎(𝑥)(𝑘(𝑥)𝑒−𝐴(𝑥)) = 𝑏(𝑥) 

𝑘′(𝑥)𝑒−𝐴(𝑥) − 𝑘(𝑥)𝑎(𝑥)𝑒−𝐴(𝑥) + 𝑎(𝑥)𝑘(𝑥)𝑒−𝐴(𝑥) = 𝑏(𝑥) 

𝑘′(𝑥)𝑒−𝐴(𝑥) = 𝑏(𝑥) 

𝑘(𝑥) = ∫𝑏(𝑥)𝑒𝐴(𝑥)𝑑𝑥 

𝑔(𝑥) = ∫𝑏(𝑥)𝑒𝐴(𝑥)𝑑𝑥 ⋅ 𝑒−𝐴(𝑥) 

∴ 𝑦 = ∫𝑏(𝑥)𝑒𝐴(𝑥)𝑑𝑥 ⋅ 𝑒−𝐴(𝑥) + 𝑓(𝑥): 𝑓′(𝑥) + 𝑎(𝑥)𝑓(𝑥) = 0 

Solving Linear ODEs of II Order 

𝑦′′ + 𝑎(𝑥)𝑦′ + 𝑏(𝑥)𝑦 = 𝑝(𝑥) 𝑎, 𝑏, 𝑝 ∈ 𝐶0(𝐼) 

Solution is sum of: 

1. General integral of the associated homogeneous equation 

2. A particular integral of the complete equation 

Solving Associated Homogeneous Equation 

𝑦′′ + 𝑎(𝑥)𝑦′ + 𝑏(𝑥)𝑦 = 0 

Solution is in the form 

𝑐1𝜑1(𝑥) + 𝑐2𝜑2(𝑥) 𝑐1, 𝑐2 ∈ ℝ,∃𝑥 ∈ 𝐼 ∶ 𝜑1(𝑥) ≠ 𝑘𝜑2(𝑥) 

 

𝑦′′ + 𝑎𝑦′ + 𝑏𝑦 = 0 𝑎, 𝑏 ∈ ℝ 

𝑦 = 𝑒𝜆𝑥 

𝑦′ = 𝜆𝑒𝜆𝑥 

𝑦′′ = 𝜆2𝑒𝜆𝑥 

𝑒𝜆𝑥(𝜆2 + 𝑎𝜆 + 𝑏) = 0 

𝜆2 + 𝑎𝜆 + 𝑏 = 0 

Solve quadratic (characteristic equation) 
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𝑎2 − 4𝑏 = 0 

⇒ 𝑦 = (𝑐1 + 𝑐2𝑥)𝑒𝜆𝑥 

Solving Particular Solution of the Complete Equation 

1. Lagrange’s method 

2. Similarity method 

𝑝(𝑥) = 𝑝𝑛(𝑥)𝑒𝜇𝑥 

Where 𝑝𝑛(𝑥) is a polynomial of degree 𝑛 and 𝜇 ∈ ℂ. 

𝑦̅ = 𝑞𝑛(𝑥)𝑒𝜇𝑥, 𝜇 ≠
−𝑎 ± √𝑎2 − 4𝑏

2
 

𝑦̅ = 𝑥𝑞𝑛(𝑥)𝑒𝜇𝑥 , 𝜇 =
−𝑎 ± √𝑎2 − 4𝑏

2
 

𝑦̅ = 𝑥2𝑞𝑛(𝑥)𝑒𝜇𝑥, 𝜇 =
−𝑎 + √𝑎2 − 4𝑏

2
=

−𝑎 − √𝑎2 − 4𝑏

2
 

Case 𝒑(𝒙) is a Trigonometric Function 

e.g. 

𝑦′′ + 𝑦 = 𝑡𝑐𝑜𝑠𝑡 

𝑦′′ + 𝑦 =
𝑡

2
𝑒𝑖𝑡 +

𝑡

2
𝑒−𝑖𝑡 

Solution of equation is: 

𝑦 = 𝑦1 + 𝑦2 

𝑦1
′′ + 𝑦1 =

𝑡

2
𝑒𝑖𝑡 

𝑦2
′′ + 𝑦2 =

𝑡

2
𝑒−𝑖𝑡 

Cauchy Problem Details 

𝑦′ = 𝑓(𝑦, 𝑥) 

𝑦(𝑥0) = 𝑦0, 𝑥 ∈ 𝐼 

𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 

⇒ 𝑦 𝑎𝑑𝑚𝑖𝑡𝑠 𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝑙𝑜𝑐𝑎𝑙 (𝑡𝑜 𝐼) 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 

In addition, to verify if the solution is unique, the following condition (Lipschitz condition) must be met: 
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𝑦′(𝑥) = 𝑙 ∈ ℝ ∀𝑥 ∈ 𝐼 

Tables 
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