Inverse Functions

e f surjective onto B if
o Vy€B,Ix edomf:y = f(x)
e finjectivein A if
0 Vxi,xy €EAixy # x = f(x1) # f(x3)
o Vxyx; €4,f(x) =f(x) =% =x,
e f bijective (or one-to-one) if f(A) = B and f is injective in A

Function Properties
e Maximum # max point

o Max is unique, max point is not. (e.g. max for y = sinx is 1, but max points are
X
{(x, 1):Ze Z}
e f(x) = x?%is convex

e f(x)=—x?isconcave

Definition of Limits
limf(x) =A4,y,A €R"
x>y

means that
vI(A) 3I(y)
Vx:x € domf nI(y) \ {v} = f(x) € I(1)
Local Boundedness Theorem
limf(x)=1l€eR
x>y
= 3AI(y): f(x) is bounded in I(y) \ {y}

Sign and Limit Theorem
If sign of limit is +ve, then there exists a neighbourhood of the point where the function is positive. Same
with negatives

If the limit at the point is defined, then the opposite can be said: if interval +ve, then lim +ve.

| Comparison Theorem
f.g defined in I(y)\{r}

lim f(x) =4, limg(x) =pu
x-y x-y

A): f(x) < gx)

>A<u



Il Comparison Theorem

f,g, hdefined in I(y)\{y}
f(x) < g(x) < h(x)
lim f(x) =limh(x)=lER
x>y x-y
= limgkx) =1
x>y
Infinite Case
f,g defined in I(y)\{r}
fx) < gx)
lim f(x) = 4o
x>y
= lim g(x) = +oo
x-y

Differentiation

B oo

(ﬁ ) ) = f'x)gx) —fx)g'(x)
g g(x)?

F () = s
FIm)

A cusp point is a point where L derivative is o0 but R derivative is + oo

Intermediate Value Theorem- | Version (Weak Version)

f continuous on [a, b]

= f(la,b]) 2 [f(a), f(D)]
Weierstrass Theorem
f continuous on [a, b]

1. = f boundedin [a,b]

2. = f admits the absolute maximum M and absolute minimum m in [a, b]
a. Jxyiflxy) =M
Axp: f () =M
b. f(la,b]) = [m M]



Intermediate Value Theorem- Il Version (Strong Version)

f continuous on [a, b]

= f assumes all values between m and M

Fermat’s Theorem
f dif ferentiable at x,

Xo is an extremum point for f
= f(x) =0

Rolle’s Theorem

f continuous on [a, b]
f dif ferentiable on (a, b)
f(a) = f(b)
= 3x, € (a,b): f'(x5) = 0

Lagrange’s Theorem

f continuous on [a, b]
f dif ferentiable on (a, b)

fb) = f(a)

= 3xg € (a,b): f'(xp) = h—a

Il Finite Increment Formula

(other way to describe Lagrange’s Theorem)
f dif ferentiable on an open interval |
X1,Xp €1
X1 < Xy

f(xz) — f(x1)

3t € (xq,x2): f' (1) = X, — X,

= flx) — flxy) = IOz — x1)
Af = f'()Ax



Cauchy’s Theorem

De LU'Hopital’s Theorem

Convex vs Concave

f convex at x; if

f concave at x, if

f strictly convex at x if

f strictly concave at x if

f, g continuous on [a, b]
f,g dif ferentiable on (a, b)
glx)#0

f) = f(a) _ f'(x)

= 3x, € (a, b):g(b) —g(a) B g’ (xq)

f,g dif ferentiable in I(y)\{y}

g' () #0inI(\{y}

lim f(x) = lim f(x) = {0
x-y Xy 0o

BRI S GO
x>y g'(x)
it
gl

t(x) = f(xo) + f'(x0) (x — x0)

f dif ferentiable at x

A1,.(xy) € domf: f(x) = t(x) Vx € L-(xy)

A1,.(xy) € domf: f(x) < t(x) Vx € L-(xy)

Al.(xy) € domf: f(x) > t(x) Vx € I.(xy)

Al.(xy) € domf: f(x) < t(x) Vx € I.(xy)



Rules for o(f) (x — 0)

0(x™) £ 0(x™) = o(xminCrm))
o(Af) = 2o(f) = o(f)
(x)o(f) = o(f), p(x)bounded in 1(0)
xMo(x™) = (o™™)
o(x™)o(x™) = o(x™™)

(0(x™)™ = o(x™™)

A+x)*=1+ax+ o(x)

Peano’s Remainder

f n times differentiable at x,
= 3 one and only one polynomial Tfy, x (%) : f(x) = T frx, + 0((x —x0)™) (x = x0)
o((x — x)™) is the remainder in Peano’s form

Conditions for integrability on [a, b] (Any)

f continuous on [a, b]
fec’((ab))
f monotone on [a, b]

Set of integrable functions on [a, b]:

R([a, b])

f integrable on [a, b]

= f integrable on [c,d] € [a, b]

f integrable on [a, b]

= |f| integrable on [a, b]



Juo!

< f If] Vf € R([a, b])
[a,b]

Integral Average

1 b
m(f;a,b) = —— f f()dx

Fundamental Theorem of Integral Calculus

f continuous on interval |
Xo €1

X
= F,(x) = jf(t)dt is dif ferentiable on I

Xo

2 (B, ) = £

Torricelli-Barrow Theorem

f continuous in I
F(x) is any promitive of f onl

ab el
b
= [ F@dx = F) - F@ = [F@ = Fl

Integration By Parts
j fG)g' ()dx = f(x)g(x) - f f'(x)g(x)dx



Asymptotic Comparison Theorem
f € Rioc([a, +o0])

f(x) = 0Vx € [a,+x)

1
Ja>1:f(x)=0 (x_“) (x > +0)
=>f f()dx=1€eR
(convergent)
1
P<1fx)=0 (x—B)

= .Tof(x)dx = too

(divergent)

Absolute Convergence Theorem
f € Rloc([a: +°°))

f+00|f(x)|dx= leR

= f+oof(x)dx =keR

a

E?mm

f FCOldx >

Synthetic Division of Polynomials

(2x° =5x* = x+3)+(x+3)

Use the root

associated with MathBits.com
the divisior. list the coefficients only
X+3= -3
x= 33 0/7 multiply 2 '5 = ] 3
| /¢6) ,*33 4-96)

327° 93

remainder

@

3

Solution: | 2% ~11x 432 +—=
x+3




Solving Separable Variable Differential Equations
y' =h(x)g®)

Integrate both sides with respect to x.

Solving Homogeneous (in x, y) Differential Equations

y’=f(z)

X

y' =f(2),z=
Ly =2zX

y'=z'x+z

fz)=2'x+z

,_f@) -z
z' =

X

Separable variable equation

Solving 1% Order Homogeneous ODEs
y' +alx)y=0

y' =ya(x)

Separable



Solving 1% Order Non-Homogeneous/Complete ODEs
y' +a(x)y =b(x)

y=f)+g0):f'(x)+al)f(x) =0

Lagrange’s Variation of Parameters
9(0) = k(e ™®: 4'(x) = a(x)

g'(x) +a(x)g(x) = b(x)
(ke @) + a(x) (k(x)e™4®) = b(x)
k'(x)e 4™ — k(x)a(x)e 4™ + a(x)k(x)e 4™ = p(x)

k'(x)e 4™ = p(x)

k(x) = j b(x)e A0 dx
g(x) =fb(x)eA(")dx.e—A(x)

hy= f b(x)eA® dx - e=AC) 4 £(x): £ (x) + a(x)f(x) = 0



Solving Linear ODEs of Il Order
y" +a(x)y’ +b(x)y =p(x)a,b,p € C°U)

Solution is sum of:

1. General integral of the associated homogeneous equation

2. A particular integral of the complete equation

Solving Associated Homogeneous Equation
y'+ax)y' +b(x)y=0

Solution is in the form

c191(x) + c202(x) ¢c1,¢;, ER,Ax €1 : @1 (x) # kg, (x)

y'+ay' +by=0ab€eR

y = etx
y' = det*
yu = )2t

e®(A24+al+b)=0
A2+al+b=0
Solve quadratic (characteristic equation)
a’>—4b =0
=y = (c; + cyx)e?*

Solving Particular Solution of the Complete Equation
1. Lagrange’s method

2. Similarity method

p(x) = pa(x)et*

Where p,,(x) is a polynomial of degree n and u € C.

y=qn(x)et, u#



—a+\/a2—4b_—a—\/a2—4b
2 - 2

y = x*qn(0)et*,u =

Case p(x) is a Trigonometric Function

e.g.

y" +y = tcost

yu +y =£eit +£€_it
2 2
Solution of equation is:
Yy=y1+Y:
Where:
yu + y — Eeit
1 1=35

y”+y :£e—it
2 2 2

Cauchy Problem Details
y' =[x

y(xo) =yo,x €1
y continuous
= y admits at least one local (to I) solution
In addition, to verify if the solution is unique, the following condition (Lipschitz condition) must be met:

y'(x)=1leRvVxel



