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Determinant and Inverse 

𝐴 = (
𝑎 𝑏
𝑐 𝑑

) , 𝐴−1 =
1

det 𝐴
(

𝑑 −𝑏
−𝑐 𝑎

) , det 𝐴 = |𝐴| = 𝑎𝑑 − 𝑏𝑐 

(𝐴−1)𝑇 = (𝐴𝑇)−1 

(𝐴𝐵)−1 = 𝐵−1𝐴−1 

det (

𝑢𝑥 𝑢𝑦 𝑢𝑧

𝑣𝑥 𝑣𝑦 𝑣𝑧

𝑤𝑥 𝑤𝑦 𝑤𝑧

) = 𝑢⃗ × 𝑣 ∙ 𝑤⃗⃗  

𝐴 ∈ ℝ𝑛,𝑛 has a zero row ⇒ det 𝐴 = 0 

det(𝐴𝐵) = det 𝐴 det 𝐵 , 𝐴, 𝐵 ∈ ℝ𝑛,𝑛 

Finding det 𝐴 : 𝐴 ∈ ℝ𝑛,𝑛 
• Let 𝐴𝑖𝑗 ∈ ℝ𝑛−1,𝑛−1 be the matrix obtained by removing the row 𝑖 and column 𝑗 from 𝐴 

• Let the components of 𝐴̃ be defined by: 

𝑎𝑖𝑗 = (−1)𝑖+𝑗 det(𝐴𝑖𝑗) 

• 𝐴𝐴̃𝑇 = det(𝐴) 𝐼𝑛 

If det(𝐴) ≠ 0 

⇒ 𝐴−1 =
1

det(𝐴)
𝐴̃𝑇  

Or 

det 𝐴 = ∑(−1)1+𝑖𝑎1𝑖 det 𝐴1𝑖

𝑛

𝑖=1

 

𝑛 = 1 ⇒ det 𝐴 = 𝑎11 

Laplace’s Theorem 

𝐴 ∈ ℝ𝑛,𝑛 

det(𝐴) = ∑(−1)1+𝑖𝑎𝑗𝑖 det(𝐴𝑗𝑖) ∀𝑗

𝑛

𝑖=0

 

∑(−1)1+𝑖𝑎𝑗𝑖 det(𝐴𝑙𝑖) = 0 ∀𝑗

𝑛

𝑖=0

, 𝑙 ∶ 𝑗 ≠ 𝑙 



What Laplace’s theorem means is that 𝐴𝐴̃𝑇 = det(𝐴) 𝐼𝑛 

Solutions of Linear Systems 
Consider 𝐴𝑥 = 𝑏⃗ , 𝐴 ∈ ℝ𝑛,𝑚, 𝑏⃗ , 𝑥 ∈ ℝ𝑚  

𝑟(𝐴) < 𝑟(𝐴|𝑏) ⇒ No solution 

𝑟(𝐴) = 𝑟(𝐴|𝑏) = 𝑟 ⇒ 𝑛 − 𝑟 solutions 

If 𝐴 ∈ ℝ𝑛,𝑛 is invertible, then the unique super-reduced form of (𝐴|𝐼𝑛) is (𝐼𝑛|𝐴−1) 

𝑅𝑜𝑤(𝐴) = ℒ{𝑟1, … , 𝑟𝑚} ⊂ ℝ1,𝑛 

𝐶𝑜𝑙(𝐴) = ℒ{𝑐1, … , 𝑐𝑛} ⊂ ℝ𝑚,1 

𝐾𝑒𝑟(𝐴) = {𝑥 ∈ ℝ𝑛,1: 𝐴𝑥 = 0⃗ } = {𝑥 ∈ ℝ𝑛,1: 𝑟 𝑥 = 0 ∀𝑟 ∈ 𝑅𝑜𝑤(𝐴)} 

 

𝐴 ∈ ℝ𝑛,𝑚 ⇒  𝑟(𝐴) 

= dim(𝑅𝑜𝑤(𝐴)) 

= 𝑛 − dim(𝐾𝑒𝑟(𝐴)) 

= dim(𝐶𝑜𝑙(𝐴)) 

= 𝑟(𝐴𝑇) 

Linear Mappings 
𝑓:ℝ𝑛 → ℝ𝑚 is linear if: 

𝑓(𝑎𝑢⃗ + 𝑣 ) = 𝑎𝑓(𝑢) + 𝑓(𝑣) 

𝑓−1(0⃗ ) = ker 𝑓 

dimker 𝑓 = 𝑛𝑢𝑙𝑙𝑖𝑡𝑦(𝑓) = dimensions lost after transformations 

dim 𝐼𝑚(𝑔) = 𝑟(𝑔) = dimensions of output 

 

 

𝑔: 𝑉 → 𝑊, dim𝑉 = 𝑛, dim𝑊 = 𝑚 
𝑔 injective ⇔ 𝑛𝑢𝑙𝑙𝑖𝑡𝑦(𝑔) = 0 ⇔ 𝑟(𝑔) = 𝑛 
𝑔 surjective ⇔ 𝑟(𝑔) = 𝑚 
𝑔 bijective ⇔ 𝑛𝑢𝑙𝑙𝑖𝑡𝑦(𝑔) = 0, 𝑟(𝑔) = 𝑚 ⇔ 𝑟(𝑔) = 𝑚 = 𝑛 



 

Rank-Nullity Theorem 
𝑔: 𝑉 → 𝑊 

⇒ dim𝑉 = dim(𝐾𝑒𝑟(𝑔)) + dim(𝐼𝑚(𝑔)) = 𝑛𝑢𝑙𝑙𝑖𝑡𝑦(𝑔) + 𝑟(𝑔) 

Translates to dim of input = dim of output + dims lost after transformation. 

Eigenshit 
In this section, let 𝑣  be an eigenvector of 𝐴 ∈ ℝ𝑛,𝑛 with eigenvalue 𝜆 

𝐴𝑣 = 𝜆𝑣  

⇒ det(𝐴 − 𝜆𝐼) = 0 

𝑝𝐴(𝑥) = det(𝐴 − 𝑥𝐼) 

𝑝𝐴(𝑥) is the characteristic polynomial of 𝐴 of degree 𝑛 

⇒ 𝑝(𝐴) = 0 

𝜆 ≠ 0 ⇔  A is invertible 

𝐸𝜆 = ℒ{𝑣 1, … , 𝑣 𝑘} = ker(𝐴 − 𝜆𝐼) 

𝑚𝑢𝑙𝑡(𝜆) is the highest power of the factor (𝑥 − 𝜆) that divides 𝑝𝐴(𝑥) 

1 ≤ dim𝐸𝜆 ≤ 𝑚𝑢𝑙𝑡(𝜆) 

𝐴, 𝐵 ∈ ℝ𝑛,𝑚 are similar if ∃𝑃: 𝐴 = 𝑃𝐵𝑃−1 

A matrix is diagonalizable if it is similar to a diagonal matrix 

⇒ 𝐴 = 𝑃𝐷𝑃−1 
𝑃 = (𝑣1⃗⃗⃗⃗ , … , 𝑣𝑘⃗⃗⃗⃗ ) 

𝐷 = (
𝜆1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝜆𝑘

) 

⇒ 𝐴𝑛 = 𝑃𝐷𝑛𝑃−1 

Orthogonal Matrices 
An orthonormal (ON) basis of 𝑉 is 



{𝑣1⃗⃗⃗⃗ , … 𝑣𝑛⃗⃗⃗⃗ }: 𝑣𝑖 ∙ 𝑣𝑗 = {
1, 𝑖 = 𝑗
0, 𝑖 ≠ 𝑗

 

An orthogonal matrix 𝑃 has rows/columns that form an orthonormal basis. 

Let 𝑆 be a symmetrical matrix. 

⇒ 𝐷 = 𝑃−1𝑆𝑃 

Orthogonal matrices represent reflection (det 𝑃 = −1) or a rotation (det 𝑃 = 1) 

𝑃 = (
cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

) 

𝐴, 𝐵 are orthogonal ⇒ So are 𝐴−1, 𝐴𝐵 

 

 


