Linear Algebra Key Points
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Determinant and Inverse

a=(* D), A_lzdeltA(—dc ), detA=|Al=ad - he

(A_l)T — (AT)—l
(AB)™1 =B~ 141

Uy Uy, U
det{ Vx Vy Vg =UXV-W

Wy Wy W,

A € R*" hasazerorow = detA =0

det(AB) = det A detB, A,B € RV

FindingdetA: A € R™"

o Llet4;; € R"*~17~1 he the matrix obtained by removing the row i and column j from A
e Letthe components of 4 be defined by:
a;j = (—1)™ det(4;;)
o AAT =det(A) 1,
If det(A) # 0
1

A7l = AT
=z det(4)

Or

n
detA = Z(—l)l”ali detAy;

=1

n=1=detd =ay,

Laplace’s Theorem

A e R

n
det(A) = Z(—l)“"aﬂ det(Aﬂ) V]
i=0

n
Z(—nlﬂ'aﬁ det(4,) = 0Vj, 1:j#1
i=0



What Laplace’s theorem means is that AAT = det(4) I,

Solutions of Linear Systems
Consider A% = b, A € R*™ b, ¥ € R™

r(4) < r(A|b) = No solution
r(A) = r(A|b) = r = n — r solutions

If A € R™" is invertible, then the unique super-reduced form of (4|I,,) is (I,,|]A™1)
Row(A) = L{ry, ..., 1y} € RI"
Col(A) = L{cq, ...,c,} € R™1

Ker(A) = {¥ € R*: A% = 0} = {¥ € R*%: 7% = 0 Vr € Row(4)}

AERM™ = r(4)
= dim(Row(A))
=n-— dim(Ker(A))
= dim(Col(4))
=7r(A")

Linear Mappings
f:R™ - R™ is linear if:
flai +v) = af (W) + f(v)
£71(0) = ker f
dim ker f = nullity(f) = dimensions lost after transformations

dim Im(g) = r(g) = dimensions of output

gvV-w, dimV = n, dimW =m

g injective & nullity(g) =0 r(g) =n

g surjective © r(g) =m

g bijective & nullity(g) = 0,7r(g) =m e r(g) =m=n



Rank-Nullity Theorem

g:V-w
= dimV = dim(Ker(g)) + dim(Im(g)) = nullity(g) + r(g)

Translates to dim of input = dim of output + dims lost after transformation.

Eigenshit
In this section, let ¥ be an eigenvector of A € R™" with eigenvalue A
AV = AD
=>det(A—AI) =0
pa(x) = det(4 — xI)
pa(x) is the characteristic polynomial of A of degree n
=>p(4)=0
A # 0 & Aisinvertible
Ey = L{V,, ..., Uy} = ker(4 — AI)
mult(A) is the highest power of the factor (x — A) that divides p,(x)
1 < dimE; < mult(1)
A,B € R™ are similarif 3P: A = PBP!
A matrix is diagonalizable if it is similar to a diagonal matrix

= A=PDP!
P = (v1, ..., 7)

A 0
0 - A

= A" = pD"pP~!

Orthogonal Matrices

An orthonormal (ON) basis of V' is



— — 1’1 — .
{vll vn}: v; - ’l]j = { ]

An orthogonal matrix P has rows/columns that form an orthonormal basis.
Let S be a symmetrical matrix.
= D =pP1sp

Orthogonal matrices represent reflection (det P = —1) or a rotation (detP = 1)
cosf —sinf
P =
(sin 6 cos@ )

A, B are orthogonal = So are A™1, AB



